Abstract. We prove that if α (E (0, and Τ is an infinite order differential operator there exists a dense linear manifold M. of entire functions such that for every f e M and any plane strip S. Moreover, every non-null function in M exhibits some translation-universality property with respect to Τ and its growth index with respect to any prefixed sequence of non-constant entire functions is infinite.
Introduction
Throughout the last decades several authors have given "counterexamples" to the wellknown Liouville's theorem. For instance, there exists a non-null entire function which tends to zero on every line (see [11, 15, 16] ) or such that it and even all its derivatives have also vanishing integrals on every line (see [2, 19] ). In 1997 Bernal [5] (see also [4] ) got many functions which not only "violated" Liouville's theorem in both senses but also possessed an extremely fast growth and "sharp" asymptotic behaviour at infinite. In order to specify exactly this result, and with it the framework of this paper, let us introduce some notation.
The symbol Σ will stand for the family consisting of all strips in C (i.e., plane regions between two parallel straight lines) and all sectors ' The author has been partially supported by DGES Grant BFM2000-0514, DGES Grant BFM2001-2717 and the Junta de' Andalucía. Given any sequence Τ = {/ΐ·η}ϊ° of non-constant entire functions, the growth index of / with respect to Τ is ip(f) = min{rc G Ν : phn{î) < °°}· We set ip(f) = oo if Phn(f) = 00 f°r η. Observe that these concepts extend the older one of relative growth order [18] . (h.) ijr(f) = oo for all f G M\ {0}.
Our aim in this paper is to show that not only the derivative operator of order j, D 3 f = can be replaced by infinite order differential operators in the seven above properties, but also that we can provide an eighth property whose feature is totally different from the others, namely, a property about wild behaviour near the infinity point. [10, 14] ). Here D° = I = the identity operator.
On the other hand, given a continuous selfmapping Τ on H(C), we say that an entire function / is T-universal whenever for each g € H(C) there exists a sequence (a, n ) C C satisfying
Now, we are able to establish the main result, which will be proved in the next section. derivatives are universal functions in Birkhoff's sense [7] (see also [6, 12, 13] for the related concept of holomorphic monster in C) with growth conditions.
Finally, we mention that in 2000 A. Bonilla [9] studied an analogous problem in the space of harmonic functions in R N , providing similar conditions (c)-(f) for any derivative operator D a and the universal condition (i) for the identity operator.
An auxiliary result and proof of the main result
We will use the following theorem about tangential approximation due to Arakelian For any sector or strip S G Σ, we have that S\En is a bounded set, thus
This proves (b).
Now, we define the set E* as E*n = {z e C : \z\>n + 2 and dist(z, P) > 2 + |z|}.
Then, one uses the Cauchy estimates and (5) to infer that
for all ζ e E* and all k. > 0 (remember that ψ is positive). Hence, for each m. > 0,
If S e Σ, we have again that S\E* is bounded, so limejcp(|2| e^, m(£>)/n(z)) = 0, VeS which proves (c).
The proofs of (d)-(f) and (h) are analogous to those we may find in [5] . In order to prove Now we have only to observe that the same way followed to obtain (c) leads us to "(c)" for It is clear that this implies (9) . Consequently, / is ^2,m(O)-un i versa l and we have (i).
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